Abstract. We propose the study of a Monge-Ampère-type equation in bidegree (n−1, n−1) rather than (1, 1) on a compact complex manifold X of dimension n for which we prove uniqueness of the solution subject to positivity and normalisation restrictions. Existence will hopefully be dealt with in future work. The aim is to construct a special Gauduchon metric uniquely associated with any Aeppli cohomology class of bidegree (n − 1, n − 1) lying in the Gauduchon cone of X that we hereby introduce as a subset of the real Aeppli cohomology group of type (n−1, n−1) and whose first properties we study. Two directions for applications of this new equation are envisaged : to moduli spaces of Calabi-Yau ∂∂-manifolds and to a further study of the deformation properties of the Gauduchon cone beyond those given in this paper.
Introduction
Let X be a compact complex manifold, dim C X = n. The main theme of this paper is the interaction between various kinds of metrics (especially Gauduchon metrics) on X and certain cohomology theories (especially the Aeppli cohomology) often considered on X.
On the metric side, let ω > 0 be a C ∞ positive definite (1, 1)-form (i.e. a Hermitian metric) on X. The following diagram sums up the definitions of well-known kinds of Hermitian metrics and the implications among them. dω = 0 =⇒ ∃ α 0, 2 ∈ C ∞ 0, 2 (X, C) s.t. =⇒ ∂∂ω = 0 d(α 0, 2 + ω + α 0, 2 ) = 0 (ω is Kähler) (ω is Hermitian-symplectic) (ω is pluriclosed) =⇒ dω n−1 = 0 =⇒ ∃ Ω n−2, n ∈ C ∞ n−2, n (X, C) s.t. =⇒ ∂∂ω n−1 = 0 d(Ω n−2, n + ω n−1 + Ω n−2, n ) = 0 (ω is balanced) (ω is strongly Gauduchon (sG)) (ω is Gauduchon). .
There are always well-defined linear maps from H p, q BC (X, C), from H p, q ∂ (X, C) (the Dolbeault cohomology group of type (p, q)) and from H p+q (X, C) (the De Rham cohomology group of degree p + q) to H p, q A (X, C) but, in general, they are neither injective, nor surjective.
We will be often considering the case when X is a ∂∂-manifold. This means that the ∂∂-lemma holds on X, i.e. for all p, q and for any smooth d-closed form u of pure type (p, q) on X, the conditions of d-exactness, ∂-exactness,∂-exactness and ∂∂-exactness are all equivalent for u.
If X is a ∂∂-manifold, H p, q A (X, C) is canonically isomorphic to each of the vector spaces H p, q BC (X, C) and H p, q ∂ (X, C), while injecting canonically into H p+q (X, C) (cf. Theorem 3.2). In particular, if (X t ) t∈∆ is a deformation of the complex structure of X = X 0 , the various Aeppli cohomology groups of the fibres X t depend on t but, if X 0 is assumed to be a ∂∂-manifold (in which case every X t with t sufficiently close to 0 is again a ∂∂-manifold by Wu's main theorem in [Wu06] ), then for each (p, q), all the groups H p, q A (X t , C) inject canonically into a fixed De Rham cohomology group of X: H p, q A (X t , C) ֒→ H p+q (X, C), t ∈ ∆, after possibly shrinking ∆ about 0. Under the same ∂∂ assumption on X 0 (hence also on X t for t close to 0), there are canonical isomorphisms (cf. Theorem 3.2):
A (X t , C), t ∈ ∆, k = 0, . . . , 2n.
They depend only on the complex structure of X t and will be called the Hodge-Aeppli decomposition of X t for t in a possibly shrunk ∆.
We now bring together the metric and the cohomological points of view. Let ω be a Gauduchon metric on the ∂∂-manifold X = X 0 , i.e. a C ∞ positive definite (1, 1)-form such that ∂∂ω n−1 = 0. Then ω n−1 defines an Aeppli cohomology class [ω n−1 ] A ∈ H n−1, n−1 A (X, C) that we call the induced AeppliGauduchon class. The image {ω n−1 } ∈ H 2n−2 (X, C) under the canonical injection H n−1, n−1 A (X, C) ֒→ H 2n−2 (X, C) induced by the ∂∂ assumption on X of the Aeppli-Gauduchon class [ω n−1 ] A will be called the associated De
Rham-Gauduchon class. Note that ω n−1 need not be d-closed, hence it need not define directly a De Rham class, but we have just argued that on a ∂∂-manifold X there is a De Rham class of degree 2n − 2 (that we denote a bit abusively by {ω n−1 } ∈ H 2n−2 (X, C)) canonically associated with the Aeppli class [ω n−1 ] A ∈ H n−1, n−1 A (X, C). Extending the approach of [Pop13a] from balanced classes to Gauduchon classes, we can define the fibres that are co-polarised by the De RhamGauduchon class {ω n−1 } ∈ H 2n−2 DR (X, C) in the family (X t ) t∈∆ as being those X t for which {ω n−1 } remains of type (n − 1, n − 1) in the Hodge-Aeppli decomposition H 2n−2 (X, C) ≃ H n, n−2 A (X t , C) ⊕ H n−1, n−1 A (X t , C) ⊕ H n−2, n A (X t , C) (3) of degree 2n − 2 on X t , i.e. those X t for which the components of X t -types (n, n − 2) and (n − 2, n) of {ω n−1 } ∈ H 2n−2 (X, C) vanish. (Since the class {ω n−1 } is real, it actually suffices for the (n − 2, n)-component of {ω n−1 } to vanish. ) We can construct a local deformation theory of Calabi-Yau ∂∂-manifolds co-polarised by a De Rham-Gauduchon class on the model of that for copolarisations by a balanced class constructed in [Pop13a] .
A Monge-Ampère-type equation in bidegree (n − 1, n − 1)
To go from local deformations to moduli spaces, we need canonical objects, namely we would like to single out in any co-polarising Gauduchon class [ω n−1 ] A (or {ω n−1 }) a unique (n − 1) st power of a Gauduchon metric for which we have prescribed the volume form. On a Calabi-Yau manifold X (i.e. one for which the canonical bundle K X is trivial), this would entail the existence of a unique Ricci-flat Gauduchon metric ω of a certain shape whose Aeppli cohomology class [ω n−1 ] A ∈ H n−1, n−1 A (X, C) has been prescribed (arbitrarily).
Motivated by considerations of this nature, we undergo to study in this and future work to which extent there is an Aeppli-Gauduchon analogue of Yau's theorem on the Calabi conjecture. Every representative of [ω n−1 ] A is of the form ω n−1 + ∂u +∂v with u of type (n − 2, n − 1) and v of type (n − 1, n − 2). To avoid an underdetermined equation, it seems sensible to look for forms of the special shape u =∂ϕ ∧ ω n−2 and v = ∂ϕ ∧ ω n−2 (up to constant factors), where ϕ is a real smooth function on X that we wish to find. We are thus led to look for positive definite (n − 1, n − 1)-forms that are Aeppli-cohomologous to ω n−1 of the shape
Equations (⋆) and (5) proposed below involve taking the (n − 1) st root of a positive definite (n − 1, n − 1)-form and thus produce a Gauduchon metric γ with prescribed volume form γ n such that γ n−1 is Aeppli-cohomologous to the (n − 1) st power ω n−1 of the given Gauduchon metric ω.
Question 1.2 Let X be a compact complex manifold of complex dimension n ≥ 2. Fix an arbitrary Gauduchon metric ω on X. Consider the equation
subject to the positivity and normalisation conditions
for a function ϕ : X → R, where f is a given C ∞ real-valued function.
(a) For any given f , are solutions ϕ to (⋆) and (4) unique ? (b) For any given f , let ϕ be a C ∞ solution of equation (⋆) subject to (4). Are there uniform a priori C ∞ estimates on ϕ depending only on (X, ω, f ) ? (c) For any given f , does there exist a (unique) constant c ∈ R such that the equation
admits a C ∞ solution ϕ satisfying (4) ? This solution is unique if the answer to (a) is affirmative.
Note that in the special case of a Kähler metric ω, ∂ω n−2 = 0 and∂ω n−2 = 0, so equation (⋆) simplifies to the equation
with initial conditions
Notice that for n = 2, equation (⋆⋆) is the classical Calabi-Yau equation. However, for n ≥ 3, (⋆⋆) is new.
Besides its applications to moduli spaces of Calabi-Yau ∂∂-manifolds outlined above, equation (⋆) would also contribute to the further study of the deformation properties of the Gauduchon and sG cones introduced and studied in § 5.
In § 6 we prove the uniqueness of solutions to equation (⋆) subject to (4). In § 7 we calculate the linearisation of equation (⋆) and observe that its principal part is the Laplacian associated with a certain Hermitian metric on X. The following statement sums up these results (cf. Theorem 6.3, Proposition 7.1 and Corollary 7.3 for more precise wording).
(i) Part (a) of Question 1.2 has an affirmative answer.
(ii) The principal part of the linearisation of equation (⋆) is
where ∆λ = trλ(i∂∂) is the Laplacian associated with the C ∞ positive definite (1, 1)-formλ defined by the following relations:
where ⋆ = ⋆ ω is the Hodge star operator associated with ω.
Since the principal part of the linearisation of equation (⋆) is a constant factor of a Laplacian, the local inversion theorem can be applied as in the case of the classical Calabi-Yau equation to prove the openness of the interval of solutions in the continuity method. The resemblance with the latter equation makes it likely for (⋆) to lend itself to a treatment through the standard techniques developed in the literature for the classical Monge-Ampère equation in bidegree (1, 1). We hope to be able to take up the study of parts (b) and (c) of Question 1.2 in future work.
Bott-Chern and Aeppli cohomologies
Let (X, ω) still denote a compact Hermitian manifold, dim C X = n. We will give a different interpretation of Proposition 1.1.
The 4 th order Bott-Chern Laplacian ∆ Kodaira and Spencer in [KS60, §.6] (see also [Sch07, 2.c., p. 9-10]) as defined by
that is orthogonal w.r.t. the L 2 scalar product defined by ω. We have
yielding the Hodge isomorphism H p, q
Similarly, the 4 th order Aeppli Laplacian ∆
[Sch07, 2.c., p. 9-10]) defined by is elliptic and formally self-adjoint, so it induces a three-space decomposition
In what follows, H Theorem 2.1 Let (X, ω) be a compact Hermitian manifold, dim C X = n.
In particular, for any (p, q)-form α, the following equivalences hold:
(Note that ∆ BC = ∆ BC and ∆ A = ∆ A because of the last two terms in the definition of each of these Laplacians.)
(ii) Under the Hodge star isomorphism ⋆ = ⋆ ω : C ∞ p, q (X, C) → C ∞ n−q, n−p (X, C) defined by ω, the Bott-Chern and Aeppli three-space decompositions (8) of C ∞ p, q (X, C) and respectively (12) of C ∞ n−q, n−p (X, C) are related by the following three restrictions of ⋆ being isomorphisms:
Thus the resulting isomorphism in cohomology
depends on the choice of the metric ω.
(iii) The following duality in cohomology
is well defined, canonical (i.e. independent of the metric ω) and non-degenerate.
Proof. (i) The three-space decomposition (8) being orthogonal, we have
where the last identity is standard. Similarly, the orthogonality of decomposition (12) gives This proves (15), while (16) follows immediately using the above inclusions.
(iii) It is obvious that the metric ω does not feature in the definition of the pairing (18). To show that the pairing (18) is well defined, i.e. independent of the choice of representatives α, β of the respective Bott-Chern and Aeppli classes, let α ∈ C ∞ p, q (X, C) and β ∈ C ∞ n−p, n−q (X, C) be such that dα = 0 and ∂∂β = 0. Any representative of the Bott-Chern class [α] BC is of the shape α + ∂∂γ for some γ ∈ C ∞ p−1, q−1 (X, C); we have
Similarly, any representative of the Aeppli class [β] A is of the shape β +∂u+∂v for some u ∈ C ∞ n−p−1, n−q (X, C) and v ∈ C ∞ n−p, n−q−1 (X, C) ; we have
That the pairing (18) We can now observe that for a pluriclosed metric, the balanced condition is equivalent to the Aeppli harmonicity.
Lemma 2.2 Let ω > 0 be a C ∞ positive definite (1, 1)-form on X such that ∂∂ω = 0. The following equivalence holds:
Proof. Since ⋆ω = ω n−1 /(n − 1)! and 
Indeed, in the real 3-form d(α 0, 2 + ω + α 0, 2 ) the components of types (3, 0) and (0, 3) are conjugate to each other and so are the components of types (2, 1) and (1, 2), so the vanishing of d(α 0, 2 + ω + α 0, 2 ) is equivalent to the vanishing of its components of types (2, 1) and (3, 0).
We now observe that on a ∂∂-manifold, the two conditions in (19) characterising the Hermitian-symplectic property reduce to the first one and that, consequently, the notions of Hermitian-symplectic and pluriclosed metrics coincide.
Lemma 3.1 Let X be a compact ∂∂-manifold. For any Hermitian metric ω, the following equivalences hold:
Proof. To prove the implication (b) ⇐=, suppose that ∂∂ω = 0, which means that ∂ω ∈ ker∂, hence ∂ω is a d-closed form of pure type (2, 1). Since ∂ω is ∂-exact, it must also be∂-exact by the ∂∂-assumption on X. The implication (b) =⇒ is obvious.
To prove the implication
⇐=, suppose that ∂ω ∈ Im∂ and let α 2, 0 ∈ C ∞ 2, 0 (X, C) such that ∂ω = −∂α 2, 0 . Put α 0, 2 := α 2, 0 . Then ∂ω +∂α 0, 2 = 0. In view of (19), it remains to show that ∂α 2, 0 = 0. Now ∂α 2, 0 is∂-closed since∂(∂α 2, 0 ) = −∂(∂α 2, 0 ) = ∂ 2 ω = 0. Thus the (3, 0)-form ∂α 2, 0 is d-closed and ∂-exact, hence it must also be∂-exact by the ∂∂-assumption on X. However, the only∂-exact (3, 0)-form is zero, hence
=⇒ is obvious in view of (19).
It is well known that on any compact complex manifold X and for any (p, q), there are well-defined linear maps from the Bott-Chern cohomology group H 
and a well-defined linear map from the Dolbeault to the Aeppli cohomology :
These maps are neither injective, nor surjective in general. However, if the ∂∂-lemma holds on X, the map to De Rham cohomology is injective while the others are isomorphisms. In the same vein, still denoting De Rham classes by { }, we have the following. 
where α is any d-closed (p, q)-form representing the Aeppli class [α] A whose existence is guaranteed by (a).
(c) For any k = 0, 1, . . . , 2n, there is a canonical isomorphism:
where each α p, q is a d-closed representative of the Aeppli class [α p, q ] A , that can well be called the Hodge-Aeppli decomposition. Note that the Aeppli cohomology analogue of the Hodge symmetry always (even without the ∂∂-assumption on X) holds trivially, i.e. H p, q
Proof. (a) Let α be a (p, q)-form such that ∂∂α = 0. We have to prove the existence of a (p − 1, q)-form β and of a (p, q − 1)-form γ such that d(α + ∂β +∂γ) = 0. The last identity translates to ∂α = −∂∂γ and∂α = ∂∂β.
We are thus reduced to showing that ∂α and∂α are ∂∂-exact. Both ∂α and ∂α are of pure types ((p + 1, q), resp. (p, q + 1)) and d-closed (thanks to the assumption ∂∂α = 0), while ∂α is ∂-exact and∂α is∂-exact, so both must be ∂∂-exact by the ∂∂-lemma that holds on X by hypothesis. 
Since∂v is obviously a∂-exact pure-type form, the ∂∂-assumption on X implies that∂v ∈ Im ∂∂. Similarly, we have
Since ∂u is obviously a ∂-exact pure-type form, the ∂∂-assumption on X implies that ∂u ∈ Im ∂∂.
Putting together the last two pieces of information, we find that
Thusα andβ are d-cohomologous, so they define the same De Rham coho-
The last identity means that α is dexact. By the ∂∂-assumption on X, α must also be ∂∂-exact. In particular,
then T is injective since each T p, q is and the images in
A (X, C) meet only at zero. Since X is compact and ∆ := dd ⋆ +d ⋆ d and ∆ A (defined for any Hermitian metric on X) are elliptic, all the vector spaces involved are finite-dimensional, so the injectivity of T implies
On the other hand, the ∂∂-assumption on X implies that H p, q
Thus equality holds in (22) for all k, hence the injective map T = p+q=k T p, q must be an isomorphism.
For any compact complex manifold X (not necessarily ∂∂) and any p, the space H th order real Laplace-type operator that we will call ∂∂-Laplacian:
It is obvious that ∆ ∂∂ = ∆ ∂∂ and that
is given by the formula
as well as by the formula
while its L 2 -norm is estimated as
where
) denotes the Green operator of ∆ BC (resp. of ∆ ∂∂ ) and λ > 0 is the smallest positive eigenvalue of ∆ BC . Furthermore, we have
Proof. Let w := ∆ −1 BC v, i.e. w is the unique (p, q)-form characterised by the following two properties
Meanwhile, the solutions of equation (25) are unique up to ker(∂∂), so if u is the minimal L 2 -norm solution, then u ∈ ker(∂∂)
Now, ker(∂∂) and Im (∂∂) ⋆ are mutually orthogonal, so thanks to (31) and (32), the identity A 1 = 0 is equivalent to (∂∂) ⋆ w −u = 0. This proves formula (26). On the other hand, the identity A 2 + A 3 = 0 implies A 2 + A 3 , w = 0 which translates to
This amounts to ∂w = 0 and∂w = 0, proving (29).
Let us now estimate the L 2 norm of u = (∂∂)
where identity (a) follows from (7) and from the identities
all of which are consequences of ∂∆ It remains to prove formula (27). The minimal L 2 -norm solution u of equation (25) is the unique (p − 1, q − 1)-form u satisfying the following two properties
To prove that u = u ′ , we have to prove that u ′ satisfies the two properties of (33). Since it obviously satisfies the latter property, we are reduced to showing that ∂∂u ′ = v. We have
where identity (i) above follows from the commutation of ∂∂ with ∆ ∂∂ :
which implies that ∂∂ and ∆
−1 ∂∂
commute, which in turn implies the following identities
since ∂∂v = 0 by assumption (v is even assumed ∂∂-exact.)
Cones of classes of metrics
Let X be a compact complex manifold (dim C X = n). The canonical map
is well defined. Indeed, if Ω ∈ C ∞ n−1, n−1 (X, C) defines an Aeppli cohomology class, then ∂∂Ω = 0, which amounts to ∂Ω being∂-closed, hence ∂Ω defines a Dolbeault cohomology class of bidegree (n, n−1). If Ω 1 , Ω 2 are two representatives of the same (n−1, n−1) Aeppli class, then Ω 1 = Ω 2 +∂u+∂v for some forms u, v of types (n−2, n−1), resp. (n−1, n−2). Thus (X, R) that will be called the Aeppli-Gauduchon class associated with ω. It is clear that
the last equivalence being precisely the definition of a strongly Gauduchon (sG) metric (cf. [Pop09] ). This shows that the strongly Gauduchon property is cohomological in the sense that either all Gauduchon metrics ω with ω n−1 lying in a given Aeppli class are strongly Gauduchon, or none of them is.
Definition 5.1 (i) An sG class on X is an Aeppli-Gauduchon class lying in ker T , i.e. any Aeppli cohomology class
The sG cone of X is the set SG X ⊂ H n−1, n−1 A (X, R) of sG classes, i.e. the subcone of the Gauduchon cone defined as the intersection
Note that the subsets of H n−1, n−1 A (X, R) defined above are indeed convex cones as follows by taking (n − 1) st roots. For example, if [ω
We easily infer the following.
Proof. Let us equip the finite-dimensional vector space H n−1, n−1 A (X, R) with an arbitrary norm || || (e.g. the Euclidian norm after we have fixed a basis ; at any rate, all the norms are equivalent). Let [ω n−1 ] A ∈ G X be an arbitrary element, where ω > 0 is some Gauduchon metric on X. Let α ∈ H n−1, n−1 A (X, R) be a class such that ||α − [ω n−1 ] A || < ε for some small ε > 0. Fix any Hermitian metric ω 0 on X and consider the Aeppli Laplacian ∆ A defined by ω 0 inducing the Hodge isomorphism H
(X, R) be the ∆ A -harmonic representative of the class α. Since ω n−1 ∈ ker(∂∂), (13) gives a unique decomposition
If we set Γ := Ω α + (∂u +∂v) (with the same forms u, v as for ω n−1 ), then ∂∂Γ = 0, Γ represents the Aeppli class α and we have
for some constant C > 0 induced by the Hodge isomorphism. (We have chosen the C 0 norm on H n−1, n−1 ∆ A (X, R) only for the sake of convenience.) Thus, if ε > 0 is chosen sufficiently small, the (n − 1, n − 1)-form Γ must be positive definite since ω n−1 is, so there exists a unique positive definite (1, 1)-form γ such that γ n−1 = Γ. Thus γ is a Gauduchon metric and γ n−1 represents the original Aeppli class α, so α ∈ G X .
Note that the Gauduchon cone is never empty since Gauduchon metrics exist on any compact complex manifold X (cf. [Gau77]), while the sG cone of X is empty if and only if X is not an sG manifold. On the other hand, the sG cone of any ∂∂-manifold X is maximal, i.e. SG X = G X , since on a ∂∂-manifold every Gauduchon metric is strongly Gauduchon (cf. [Pop09] ). So we have the following implications:
X is a ∂∂-manifold =⇒ SG X = G X =⇒ X is an sG-manifold.
In our opinion, compact complex manifolds X for which SG X = G X deserve further study. For example, their behaviour under deformations of the complex structure warrants being understood. Observation 5.3 The equality of cones SG X = G X is equivalent to the following very special case of the ∂∂-lemma : every smooth d-closed ∂-exact (n, n − 1)-form on X is∂-exact (i.e. T ≡ 0).
(X, C), the last inclusion amounts to ker T = H n−1, n−1 A (X, C), i.e. to T being identically zero.
It is worth noticing that there are examples of compact complex manifolds X whose Gauduchon cone is the whole space H n−1, n−1 A (X, R). In this case, we will say that the Gauduchon cone degenerates. If X is the connected sum ♯ k (S 3 ×S 3 ) of k ≥ 2 copies of S 3 ×S 3 , it was shown in [FLY12, Corollary 1.3] that the complex structure constructed on X in [Fri91] and [LT96] by "conifold transitions" admits a balanced metric ω. Since dim C X = 3, ω 2 defines a De Rham cohomology class in H 4 (X, C). However, H 4 (X, C) = 0 for this particular X, so ω 2 must be d-exact. In particular, ω 2 ∈ Im ∂ + Im∂, hence [ω 2 ] A = 0. Since ω is necessarily a Gauduchon metric on X, it follows that G X contains the origin, hence due to being open it must contain a neighbourhood of 0 in H 2, 2
A (X, R) by the convex cone property of G X . It would be interesting to know whether the identity G X = H n−1, n−1 A (X, R) (which is clearly equivalent to 0 ∈ G X by the above arguments) can hold when H 2 (X, C) = 0 or H n−1, n−1 A (X, R) = 0. The following statement shows that the manifolds whose Gauduchon cone degenerates are rather exotic.
Proposition 5.4 Let X be a compact complex manifold, dim C X = n.
(a) The following three statements are equivalent.
(i) There exists a d-exact C ∞ (n−1, n−1)-form Ω > 0 on X (henceforth called a degenerate balanced structure).
(ii) There exists no nonzero d-closed (1, 1)-current T ≥ 0 on X.
(iii) The Gauduchon cone of X degenerates:
Furthermore, if any of the above three equivalent properties holds, X cannot be a class C manifold. It is thus clear that a form Ω as in (i) and a current T as in (ii) cannot simultaneously exist. Thus (i) ⇒ (ii). Conversely, if there is no T as in (ii), the set E of real d-closed (1, 1)-currents T on X is disjoint from the set C of (1, 1)-currents T ≥ 0 on X such that X T ∧ γ n−1 = 1 (where we have fixed an arbitrary smooth (1, 1)-form γ > 0 on X). Since E is a closed, convex subset of the locally convex space D We will now prove the equivalence "not (ii) ⇔ not (iii)". Suppose there exists a non-trivial closed positive (1, 1)-current T on X. If G X degenerates, it contains the zero Aeppli (n − 1, n − 1)-class, so there exists a C ∞ (1, 1)-form ω > 0 on X such that ω n−1 = ∂u +∂v for some forms u, v of types (n − 2, n − 1), resp. (n − 1, n − 2). Thus, on the one hand, X T ∧ ω n−1 > 0, while on the other hand Stokes's theorem would imply
since ∂T = 0 and∂T = 0 by the closedness assumption on T . This is a contradiction, so G X cannot degenerate. We have thus proved the implication "not (ii) ⇒ not (iii)". Conversely, suppose that G X H n−1, n−1 A (X, R). If no non-trivial closed positive (1, 1)-current existed on X, then by the implication (ii) ⇒ (i) proved above, there would exist a d-exact C ∞ (n−1, n−1)-form Ω > 0 on X. Taking the (n − 1) st root, there would exist a C ∞ (1, 1)-form ω > 0 on X such that
However, ω is a Gauduchon (even a balanced) metric, so [ω n−1 ] A ∈ G X . We would thus have 0 ∈ G X , hence G X = H n−1, n−1 A (X, R), contradicting the assumption. This completes the proof of the implication "not (iii) ⇒ not (ii)".
The last statement in (a) can be proved by contradiction. If X were of class C, then by [DP04] there would exist a Kähler current T on X. However, any Kähler current is, in particular, a nonzero d-closed positive (1, 1)-current whose existence would violate (ii).
To prove (b), let us suppose that H 2 (X, C) = 0. Then H 2n−2 (X, C) = 0 by Poincaré duality, so for every balanced metric (if any) ω on X, ω n−1 must be d-exact, hence it must define a degenerate balanced structure on X. Thus, thanks to part (a), X is balanced if and only if there exists no nonzero dclosed (1, 1)-current T ≥ 0 on X. On the other hand, it was shown in [Pop09] that an arbitrary X is sG if and only if there exists no nonzero d-exact (1, 1)-current T ≥ 0 on X. However, the assumption H 2 (X, C) = 0 ensures that any d-closed current of degree 2 is d-exact, so in this case the balanced and sG conditions on X are characterised by the same property. This proves the equivalence in (b).
The implication in (b) follows from the above discussion: the assumption H 2 (X, C) = 0 ensures that any balanced structure on X is degenerate, while the existence of a degenerate balanced structure implies that the Gauduchon cone contains the zero Aeppli class, hence it must be the whole space H n−1, n−1 A (X, R).
We notice that the Gauduchon cone G X and the sG cone SG X cannot be simultaneously trivial, i.e. the implication holds:
is an R vector subspace of H n−1, n−1 A (X, R), hence it contains at least the origin.
An immediate consequence of this and of Proposition 5.4 is the following.
Corollary 5.5 If the Gauduchon cone G X of a compact complex manifold X degenerates, then X is a strongly Gauduchon manifold but is not of class C.
Recalling the implications "X is a class C manifold =⇒ X is a ∂∂-manifold =⇒ X is a strongly Gauduchon manifold", the above corollary prompts the following question.
Question 5.6 Do there exist ∂∂-manifolds X whose Gauduchon cone G X degenerates ?
We notice that if such a manifold X existed, it could not carry any pluriclosed metric. Indeed, it would have to carry a smooth d-exact (n − 1, n − 1)-form Ω > 0 by Proposition 5.4 and Ω would have to be ∂∂-exact by the ∂∂-lemma. If a pluriclosed metric ω > 0 existed on X, then X Ω ∧ ω would have to be both positive and zero, a contradiction.
The duality (18) between the Bott-Chern and Aeppli cohomologies can be restricted to various cones of cohomology classes. For example, if we consider the Bott-Chern Kähler cone of X, i.e. the open convex cone K X ⊂ H 
where for an open convex cone C in a finite-dimensional vector space E we denote by C v the dual cone, i.e. the set of linear maps in E ⋆ evaluating positively on every element in C. 
It would be interesting to have an explicit description of the cone (G
with ω > 0 a fixed C ∞ (1, 1)-form on X. If X is Kähler, NEF X is easily seen to be the closure of K X (cf. [Dem92] ). The pseudo-effective cone of X is
Clearly, NEF X and E X are closed convex cones (cf. [Dem92] ) and
Bearing in mind the duality between H 1, 1 BC (X, R) and H n−1, n−1 A (X, R), it seems natural to pursue in bidegree (n−1, n−1) the analogy with the Kähler, nef and pseudo-effective cones of bidegree (1, 1). If the finite-dimensional vector space H n−1, n−1 A (X, R) is endowed with the unique norm-induced topology, the closure in H n−1, n−1 A (X, R) of the Gauduchon cone is the following closed convex cone
where Ω > 0 is a fixed C ∞ (n − 1, n − 1)-form on X such that ∂∂Ω = 0. This follows immediately from the fact that a class α ∈ H n−1, n−1 A (X, R) is in the closure of G X iff for every ε > 0, α + ε [Ω] A ∈ G X (supposing that we have chosen [Ω] A = 0 ∈ H n−1, n−1 A (X, R); if H n−1, n−1 A (X, R) = 0, everything is trivial). Clearly, by compactness of X, the definition of G X does not depend on the choice of Ω. We can also define the cone N X ⊂ H n−1, n−1 A (X, R) :
It is clear that G X ⊂ N X , hence G X ⊂ N X . If N X happens not to be closed (cf. Proposition 5.8 below), we can replace it with its closure N X . Thus we have cones
Proposition 5.8 Let X be a compact complex manifold, dim C = n.
Proof. (i) Suppose that X admits a Kähler metric ω. If (U j ) j∈N are ∂∂-closed positive (n − 1, n − 1)-currents such that the Aeppli classes [U j ] A converge to some class α ∈ H n−1, n−1 A (X, R) as j → ∞, then X U j ∧ ω (depending only on [U j ] A thanks to ω being Kähler) converges to X α ∧ ω, hence the positive currents U j are uniformly bounded in mass. Therefore, there exists a subsequence U j k converging weakly to some (n − 1, n − 1)-current U. Then U ≥ 0, ∂∂U = 0 and [U] A = α, proving that α ∈ N X . Thus N X is closed.
(ii) Suppose that X is of class C. By [DP04] , this amounts to the existence of a Kähler current T , i.e. a d-closed (1, 1)-current such that T ≥ δ ω for some constant δ > 0 and some Hermitian metric ω > 0. Let α ∈ G X and let (Ω ε ) ε>0 be a family of C ∞ (n − 1, n − 1)-forms in α such that Ω ε ≥ −ε Ω for all ε > 0 small. Then Ω ε + ε Ω ≥ 0 and X (Ω ε + ε Ω) ∧ T = X Ω ε ∧ T + ε X Ω ∧ T is bounded when ε ↓ 0 since X Ω ε ∧ T is independent of ε thanks to [Ω ε ] A being independent of ε and to ∂T = 0 and∂T = 0. Moreover,
Therefore the family (Ω ε + ε Ω) ε>0 admits a subsequence converging weakly to an (n − 1, n − 1)-current U as ε ↓ 0. We must have U ≥ 0, ∂∂U = 0 and
It is natural to ask whether the Kähler assumption in (i) or the class C assumption in (ii) above may be relaxed. If we only suppose that G X H n−1, n−1 A (X, R), Proposition 5.4 ensures the existence of a nonzero d-closed (1, 1)-current T ≥ 0 for which the expressions X (Ω ε + ε Ω) ∧ T in the proof of (ii) in Proposition 5.8 are still bounded when ε ↓ 0. However, this is not enough to infer the existence of a weakly convergent subsequence of (Ω ε ) ε>0 . One may wonder what could be said if "many" d-closed positive (1, 1)-currents T existed on X. For example, if the algebraic dimension of X is maximal (i.e. a(X) = n), then there are "many" divisors D on X inducing d-closed positive (1, 1)-currents of integration T = [D]. However, a(X) = n means that X is Moishezon, hence X is also of class C and we are in the situation of (ii).
We now sum up the natural questions arising from the above considerations that we will hopefully take up in future work. Question 5.9 (i) Are the cones NEF X and N X , as well as the cones E X and G X , dual under the duality H 1, 1
It is clear that we have inclusions NEF X ⊂ N v X and E X ⊂ G v X , where for a closed convex cone C in a finite-dimensional vector space E we denote by C v the dual cone, i.e. the set of linear maps in E ⋆ evaluating non-negatively on every element in C. It is also clear that if X satisfies any of the equivalent conditions (i), (ii), (iii) of part (a) of Proposition 5.4, then
(ii) Can we define a notion of existence of "many" d-closed positive (1, 1)-
This might mean that the pseudo-effective cone E X is "maximal" in some sense that has yet to be defined and also that the cone G X is "minimal" if these two cones are dual to each other. Any notion of "minimality" of G X should be a strengthening of the property SG X = G X which is necessary but not sufficient to ensure that X is of class C (cf. Observation 5.3).
(iii) If the answer to (ii) is affirmative, does the following equivalence hold:
X is of class C ⇐⇒ there exist "many" d-closed positive (1, 1)-currents T on X?
This would be the transcendental analogue of the standard characterisation of Moishezon manifolds as the compact complex manifolds carrying "many" divisors (i.e. having maximal algebraic dimension).
If the answers to these questions turn out to be affirmative, then the class C manifolds will be precisely those compact complex manifolds whose Gauduchon cone is "minimal". If this proves to be the case, then the standard conjecture predicting that any deformation limit of class C manifolds is again of class C would follow since it will be seen below that the Gauduchon cone can only shrink or remain constant in the deformation limit.
We shall now show that the Gauduchon cone behaves lower semicontinuously under holomorphic deformations of a ∂∂ complex structure. Let π : X −→ ∆ be a proper holomorphic submersion between complex manifolds. The question being local, we can assume that ∆ ⊂ C m is an open ball containing the origin for some m ∈ N ⋆ . All the fibres X t := π −1 (t), t ∈ ∆, are compact complex manifolds of equal dimensions n and are C ∞ diffeomorphic to a fixed C ∞ manifold X, while the family of complex structures (J t ) t∈∆ varies holomorphically with t ∈ ∆. If we assume that X 0 is a ∂∂-manifold, the main result in [Wu06] ensures that X t is again a ∂∂-manifold for all t ∈ ∆ sufficiently close to 0. After possibly shrinking ∆ about 0, we may assume that this is the case for all t ∈ ∆. Thus, by Theorem 3.2, we have a HodgeAeppli decomposition on each fibre X t which in the case of the De Rham cohomology group H 2n−2 (X, C) (necessarily independent of t ∈ ∆) reads
The ∂∂ assumption on the fibres X t ensures that the dimension of each of the spaces H n, n−2 A (X t , C), H n−1, n−1 A (X t , C) and H n−2, n A (X t , C) is independent of t ∈ ∆. Therefore the ellipticity of the Aeppli Laplacians ∆ (t)
A (defined by any smooth family of Hermitian metrics (ω t ) t∈∆ on the fibres (X t ) t∈∆ ) and the Kodaira-Spencer theory [KS60] imply that
and its analogues in bidegrees (n, n − 2), (n − 2, n) are C ∞ vector bundles, while the projections of
induced by the Hodge-Aeppli decomposition, we get a linear map
that depends in a C ∞ way on t. Since A 0 is the identity of H n−1, n−1 A (X 0 , C), A t must be an isomorphism of complex vector spaces for all t ∈ ∆ after possibly further shrinking ∆ about 0.
The isomorphisms A t in (35) can be used to compare G X 0 with G Xt .
Theorem 5.10 The Gauduchon cones (G Xt ) t∈∆ of the fibres (X t ) t∈∆ of any holomorphic family of ∂∂-manifolds satisfy the following semi-continuity property. For every [ω
In other words, if we identify every G Xt with its image in H 2n−2 (X, C) under the canonical injection H n−1, n−1 A (X t , C) ֒→ H 2n−2 (X, C) for every t, the Gauduchon cone of X 0 is contained in the limit as t approaches 0 of the Gauduchon cones of X t . So in a sense the Gauduchon cone can only shrink or remain constant on the limit fibre. Note that if we do not make the ∂∂ assumption on the fibres (X t ) t∈∆ , the picture may change : we may have dim H n−1, n−1 A (X 0 , C) > dim H n−1, n−1 A (X t , C) for t = 0, so in this case the dimension of G X 0 as a complex manifold (= the dimension of H n−1, n−1 A C) is an open subset) is strictly larger than the dimension of G Xt as a complex manifold for t = 0.
Before proving Theorem 5.10, we notice the following.
Lemma 5.11 Let X be a compact complex manifold, dim C X = n. Fix an arbitrary smooth (2n − 2)-form Ω on X such that dΩ = 0. (i) If Ω = Ω n, n−2 + Ω n−1, n−1 + Ω n−2, n is the splitting into components of pure types, then ∂∂Ω n, n−2 = 0, ∂∂Ω n−1, n−1 = 0, ∂∂Ω n−2, n = 0.
(ii) Suppose that X is a ∂∂-manifold. Then
where Proof. The form dΩ is of degree (2n − 1), so it has two pure-type components of bidegrees (n, n−1), resp. (n−1, n). Thus dΩ = 0 amounts to the vanishing of each of these :
(a) ∂Ω n−1, n−1 +∂Ω n, n−2 = 0 and (b) ∂Ω n−2, n +∂Ω n−1, n−1 = 0. (36)
Applying ∂ in (b) (or∂ in (a)), we get ∂∂Ω n−1, n−1 = 0. Now, Ω n, n−2 is ∂-closed and Ω n−2, n is∂-closed for obvious bidegree reasons, hence they are also ∂∂-closed. This proves (i).
To prove (ii), we have to spell out the canonical images of the Aeppli classes [Ω p, q ] A into De Rham cohomology as in the proof of Theorem 3.2. In the case of Ω n−1, n−1 , we need forms ξ, η of bidegrees (n − 2, n − 1), resp. (n − 1, n − 2), such that d(∂ξ + Ω n−1, n−1 +∂η) = 0, which amounts to ∂∂ξ =∂Ω n−1, n−1 and ∂∂η = −∂Ω n−1, n−1 .
If we fix a Hermitian metric ω on X and choose ξ and η to be the solutions of minimal L 2 norms of these ∂∂ equations, formula (26) of Theorem 4.1 gives
The form Γ n−1, n−1 := ∂ξ + Ω n−1, n−1 +∂η constructed in this way reads
is of bidegree (n − 1, n − 1), d-closed and Aeppli cohomologous to Ω n−1, n−1 . Thus the canonical image of [ C) is the De Rham class {Γ n−1, n−1 }. Running the same procedure for Ω n, n−2 and Ω n−2, n , we get d-closed forms
that are Aeppli cohomologous to Ω n, n−2 , resp. Ω n−2, n . To finish the proof of (ii), it remains to prove the following identity of De Rham classes
We see that Γ n, n−2 + Γ n−1, n−1 + Γ n−2, n = Ω + ∂α +∂β, where
Now, formulae (36) show that α = β. Indeed, (a) and (b) add up to∂Ω n, n−2 + ∂Ω n−1, n−1 = −(∂Ω n−2, n + ∂Ω n−1, n−1 ). We get ∂α +∂β = ∂α +∂α = dα, hence Γ n, n−2 + Γ n−1, n−1 + Γ n−2, n = Ω + dα.
This proves (37) and completes the proof of the lemma.
Proof of Theorem 5.10. Let [ω
Thanks to the ∂∂ assumption, we can find forms u 0 and v 0 of respective J 0 -types (n − 2, n − 1) and (n − 1, n − 2) such that
) t∈∆ be the C ∞ family of components of Ω of J ttypes (n − 1, n − 1). By (i) of Lemma 5.11, we have ∂ t∂t Ω n−1, n−1 t = 0 for all t. We extend u 0 and v 0 in an arbitrary way to C ∞ families (u t ) t∈∆ and (v t ) t∈∆ of forms of J t -types (n − 2, n − 1) and resp. (n − 1, n − 2) and we set
] A and that the family of forms (Λ t ) t∈∆ of J t -types (n − 1, n − 1) depends in a C ∞ way on t ∈ ∆ and
since Ω is of type (n − 1, n − 1) for J 0 , so Ω n−1, n−1 0
= Ω. By the continuity of the family (Λ t ) t∈∆ , the strict positivity of Λ 0 implies the strict positivity of Λ t for all t ∈ ∆ sufficiently close to 0. Thus we can extract the (n − 1) st root : for every t close to 0, there exists a unique positive definite smooth form ω t of J t -type (1, 1) such that ω n−1 t = Λ t . Every such ω t is thus a Gauduchon metric on X t and we have
where the identity (a) above follows from (ii) of Lemma 5.11 applied to the ∂∂ complex structure J t .
A more precise description of the variation of the Gauduchon cone G X under deformations of X may be possible after singling out a special representative for every Aeppli-Gauduchon class by solving equation (⋆).
Proof of uniqueness in equation (⋆)
We start by proving the uniqueness of solutions to equation (⋆⋆) subject to (6) when the given ω is an arbitrary Hermitian metric.
Proposition 6.1 Let (X, ω) be a compact Hermitian manifold, dim C X = n ≥ 2. Suppose that for real-valued C ∞ functions ϕ 1 and ϕ 2 on X we have ω n−1 + i∂∂ϕ l ∧ ω n−2 > 0 (for l = 1, 2) and
Then the function ϕ 1 − ϕ 2 is constant on X.
We begin on a few preliminary calculations that will prove useful later on. The symbol Λ = Λ ω will stand for the formal adjoint of the Lefschetz operator L ω = ω ∧ · of multiplication by the Hermitian metric ω, while ∆ ω ϕ := Λ ω (i∂∂ϕ) will denote the (non-positive) Laplacian associated with ω on real-valued C 2 functions ϕ on X. We also denote by tr ω the trace w.r.t. ω, so Λ ω = tr ω on (1, 1)-forms where Λ ω and tr ω will be used interchangeably.
Lemma 6.2 Let (X, ω) be a compact Hermitian manifold, dim C X = n. (i) For any smooth (1, 1)-form α on X, the Lefschetz decomposition of α w.r.t. ω (into forms of bidegree (1, 1)) reads
where the primitive part α prim of α is defined by either of the equivalent conditions : Λ ω α prim = 0 or α prim ∧ ω n−1 = 0. (ii) In particular, if ⋆ = ⋆ ω is the Hodge star operator defined by ω, we have
Hence, if α = i∂∂ϕ for some real-valued function ϕ, then
(iii) Still denoting ⋆ = ⋆ ω , for any smooth (n − 1, n − 1)-form Γ, we have
(iv) For any real-valued C 2 function ϕ on X, we have
where tr ω n−1 denotes the trace w.r.t. ω n−1 := ω n−1 (n−1)! of the (n − 1, n − 1)-form to which it applies.
Proof. (i) By the Lefschetz decomposition, any α ∈ C ∞ 1, 1 (X, C) splits as α = α prim +f ω for a unique primitive (1, 1)-form α prim and a unique function f on X. Applying Λ ω and using Λ ω α prim = 0, Λ ω ω = n, we get (39).
(ii) It is well known that for any primitive (1, 1)-form α prim , we have . On the other hand, ⋆(ω n−1 /(n − 1)!) = ω, so using (39) we get
(iii) To prove the pointwise identity (42), we fix an arbitrary point x ∈ X and choose local holomorphic coordinates z 1 , . . . , z n about x such that
where for all j = 1, . . . , n, we denote by idz j ∧ dz j the (n − 1, n − 1)-form idz 1 ∧ dz 1 ∧ · · · ∧ (idz j ∧ dz j ) ∧ · · · ∧ idz n ∧ dz n (where indicates a missing factor). It is clear that
Indeed, if we denote
for all j, k = 1, . . . , n, where , stands for the pointwise scalar product defined by ω at x and δ jk is the Kronecker delta.
, which proves (42).
(iv) We now use (42) and (41) to get
which proves (43).
If Γ > 0 is an (n − 1, n − 1)-form for which the local coordinates have been chosen at a given point x such that
The γ j 's are well-defined since Γ j > 0 for all j. In particular, we see that the determinants (which make intrinsic sense) are related by
Now, let ϕ 1 and ϕ 2 be real-valued functions on X as in the statement of Proposition 6.1. Fix an arbitrary point x ∈ X and choose local holomorphic coordinates z 1 , . . . , z n about x such that
Hence, if we set µ (l)
j for 1 ≤ j ≤ n and l = 1, 2, we get at x :
Using (46), we see that at x the roots for l = 1, 2 read
while using (45), we have at x :
Proof of Proposition 6.1. For real-valued functions ϕ 1 and ϕ 2 on X as in the statement of Proposition 6.1, we consider the positive definite (1, 1)-forms
Hypothesis (38) translates to the following sequence of equivalent identities
where (a) follows from (47), (b) follows from comparing (48) and (49), (c) follows from (41), while ρ denotes the smooth, positive definite (1, 1)-form that is the (n − 1) st root of the smooth, positive definite (n − 1, n − 1)-form
Further transforming (50), we get
where we have considered the operator
Let ρ 1 , . . . , ρ n > 0 be the eigenvalues of ρ > 0 w.r.t. ω. If we fix an arbitrary point x ∈ X and choose local holomorphic coordinates z 1 , . . . , z n about x such that
∂ 2 ϕ ∂z j ∂z j (x) for any real-valued C 2 function ϕ. This means that
whereλ > 0 is the smooth (1, 1)-form on X whose eigenvalues w.r.t. ω are
We can actually giveλ an invariant expression. Let λ be the smooth (1, 1)-form intrinsically defined by
i.e. the (n − 1) st root of a positive definite (n − 1, n − 1)-form. That this (n − 1, n − 1)-form is positive-definite follows from the calculation below showing it to beλ n−1 multiplied by a positive function. We notice that using formulae (45) and (46), we get
where (a) follows from (56). Taking determinants, we get (detλ)
Thus (57) translates toλ = (1/ det λ) λ at x. Now, in the chosen local coordinates, det λ = λ n /ω n at x. Since x ∈ X is arbitrary, the intrinsic shape of (57) is
Combined with (55), this is the sought-after invariant expression forλ. Thanks to (53) and (58), (51) translates to the equivalences
By the maximum principle, the condition ∆ λ (ϕ 1 −ϕ 2 ) = 0 on the compact manifold X implies that ϕ 1 − ϕ 2 is constant on X. The proof of Proposition 6.1 is complete.
The uniqueness of solutions to equation (⋆) subject to (4) is proved in the same way. The new terms are all of the first order, so they do not disturb in any way the ellipticity of the operators involved and the application of the maximum principle.
Theorem 6.3 Let (X, ω) be a compact Hermitian manifold, dim C X = n ≥ 2. Suppose that for real-valued C ∞ functions ϕ 1 and ϕ 2 on X we have ω n−1 + i∂∂ϕ l ∧ ω n−2 + i 2 (∂ϕ l ∧∂ω n−2 −∂ϕ l ∧ ∂ω n−2 ) > 0 (for l = 1, 2) and ω n−1 + i∂∂ϕ 1 ∧ ω n−2 + i 2 (∂ϕ 1 ∧∂ω n−2 −∂ϕ 1 ∧ ∂ω n−2 ) 1 n−1 n = ω n−1 + i∂∂ϕ 2 ∧ ω n−2 + i 2 (∂ϕ 2 ∧∂ω n−2 −∂ϕ 2 ∧ ∂ω n−2 ) 1 n−1 n .
Proof. For l = 1, 2, we consider the positive definite (1, 1)-forms 
whereλ is the positive definite (1, 1)-form defined by the eigenvalues ρ 1 , . . . , ρ n > 0 of ρ w.r.t. ω through the same formula as in (54) andQ is the first-order operator defined on functions bỹ Q(ϕ) := i 2 ⋆ ∂ϕ ∧∂ω n−2 −∂ϕ ∧ ∂ω n−2 ∧ ρ n−1 .
We can still define the (1, 1)-form λ > 0 intrinsically on X by formula (55) (only ρ is different now) and it is still related toλ by (58). Setting we see that (59) is equivalent to (∆ λ + Q)(ϕ 1 − ϕ 2 ) = 0 on X. Since there are no zero-order terms in the second-order elliptic operator ∆ λ + Q and X is compact, we conclude by the maximum principle that ϕ 1 − ϕ 2 is constant.
The linearisation of equation (⋆)
We will follow the analogy with the classical Calabi-Yau equation. We fix arbitrary k ∈ N (k ≥ 2) and 0 < α < 1, and consider the open subset U := {ϕ ∈ C k, α (X) / ω n−1 + i∂∂ϕ ∧ ω n−2 + i 2 (∂ϕ ∧∂ω n−2 −∂ϕ ∧ ∂ω n−2 ) > 0}
of the space C k, α (X) of real functions on X of Hölder class C k, α . We will calculate the differential at an arbitrary ϕ ∈ U of the map C : U → C k−2, α (X),
(∂ϕ ∧∂ω n−2 −∂ϕ ∧ ∂ω n−2 ) 1 n−1 n ω n .
Let γ > 0 be the smooth (1, 1)-form on X such that γ n−1 = ω n−1 + i∂∂ϕ ∧ ω n−2 + i 2 (∂ϕ ∧∂ω n−2 −∂ϕ ∧ ∂ω n−2 ) := Λ > 0. We will prove the following Proposition 7.1 For every ϕ ∈ U, the differential of C at ϕ calculated at an arbitrary h ∈ C k, α (X) is given by the formula C(ϕ) −1 (d ϕ C)(h) = 1 (n − 1) 2 tr ω γ γ n /ω n ∆ ω h−(n−1)! ∆ ⋆ω Λ h +first order terms, where the first order terms are 1 n−1 tr γ n−1 i 2 (∂h ∧∂ω n−2 −∂h ∧ ∂ω n−2 ) .
The rest of this section will be devoted to the proof of Proposition 7.1. Using (47), we see that log C(ϕ) = 1 n−1 log det(γ n−1 ) + n n−1 log(n − 1)! − log det(ω), where det(γ n−1 ) (resp. det(ω)) denotes the determinant of the coefficient matrix of γ n−1 (resp. ω) in local coordinates. Using the standard formula (log det A) ′ = tr(A −1 A ′ ) and the fact that log det(ω) and n n−1 log(n− 1)! do not depend on ϕ, we get:
−1 (d ϕ C)(h) = 1 n − 1 tr γ n−1 i∂∂h ∧ ω n−2 + 1 n − 1 tr γ n−1 i 2 (∂h ∧∂ω n−2 −∂h ∧ ∂ω n−2 ) . (60)
We will now transform the first term in the r.h.s. above (i.e. the principal part of C(ϕ) −1 d ϕ C). Setting as usual γ n−1 := γ n−1 /(n − 1)!, we get 1
We will now transform the last term in (63). Recall that γ > 0 has been defined as the (n − 1) st root of Λ := γ n−1 = ω n−1 + i∂∂ϕ ∧ ω n−2 + i 2 (∂ϕ ∧ ∂ω n−2 −∂ϕ ∧ ∂ω n−2 ) > 0. If at a given point x ∈ X the local coordinates are chosen as in the proof of Lemma 7.2, then thanks to (46) we have Λ(x) = n j=1 Λ j idz j ∧ dz j with γ j = (n − 1)! det γ Λ j .
Thus it follows from (45) that the (1, 1)-form ⋆ ω Λ > 0 is given at x by (⋆ ω Λ)(x) = Corollary 7.3 Set ρ := ⋆ ω Λ > 0, a smooth (1, 1)-form. Then, for every ϕ ∈ U, the principal part of C(ϕ) −1 d ϕ C is the second-order elliptic operator (n − 1)! (n − 1) 2 (Λ ρ ω) ∆ ω − ∆ ρ = (n − 2)! n − 1 P ω, ρ = (n − 2)! n − 1 ∆λ, with P ω, ρ (resp.λ) defined in terms of ω and ρ by formula (52) (resp. (54)).
Proof. Fix a point x ∈ X. We keep the notation and the choice of local coordinates z 1 , . . . , z n centred on x ∈ X of the proof of Proposition 7.1. At x, we have tr ω γ γ n /ω n = 1 det γ where (a) has followed from (64). Combined with the conclusion of Proposition 7.1 and with (53), this proves the contention.
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